We investigate the Casimir effect at finite temperature for a charged scalar field in the presence of an external uniform and constant magnetic field, perpendicular to the Casimir plates. We have used a boundary condition characterized by a deformation parameter θ; for θ = 0 we have a periodic condition and for θ = π, an antiperiodic one, for intermediate values, we have a deformation. The temperature was introduced using the imaginary time formalism and both the lagrangian and free energy were obtained from Schwinger proper time method for computing the effective action. We also computed the permeability and its asymptotic expressions for low and high temperatures.
first correction is given by a term in B 4 [1] . The correspondent Lagrangian for scalar QED is referred to as the Weisskopf-Schwinger effective lagrangian [2, 3] .
Consider now a constant and uniform magnetic field directed to OZ axis and perpendicular to the Casimir plates. The plates are plane, perfectly conductive, parallel and a is the distance between them. The plates may also be considered squares of side ℓ ≫ a.
The boundary condition used here establishes that the scalar field experiences a recoil in phase, at each displacement a along the direction perpendicular to the Casimir plates [5] . This condition is characterized by φ(r + az) = e −iθ φ(r). For θ = 0 or, in the limit 2π, this condition is reduced to the periodic one and for θ = π it is antiperiodic. For intermediate values we have a deformed boundary condition. We can consider a circular compactified dimension where the deformed condition occurs, denoted by S 1 θ . This condition presents the peculiarity of recoiling the phase of the field in θ at each complete turn; naturally, for θ = 0 we have S 1 0 = S 1 , that is, the common compactification of R in S 1 . In other words, the subjacent space to the scalar field is compactified from R 3 to R 2 × S 1 θ , It can be shown that this boundary condition can be generated from the minimum coupling of the charged scalar field in the spacetime given by R 2 × S 1 × R, by the use of a constant potential θ/ea along the compactified dimension S 1 [5] .
We use here the imaginary time formalism [4] to write down Schwinger's proper-time formalism [3] where the partition function for the bosonic field is
where s is the Schwinger's proper-time, H is the proper-time hamiltonian and s 0 is a cut off in the proper time s.
The operator H for such charged scalar field is given by H = (P − eA) 2 + m 2 , where P 2 = P 2 − (P 0 ) 2 . The eigenvalues p x and p y are restricted to Landau levels and given by p x 2 + p y 2 (2n + 1), where n ∈ N. The imposition of the boundary condition on the z component of the momentum gives: p z = (2n 1 π − θ)/a, n 1 ∈ Z; finally, the Matsubara frequencies are p 0 = (2πn 2 i/β), where β = 1/T and n 2 ∈ Z.
Then the trace reads:
where the factor two is due to the degrees of freedom of the complex scalar field and eBℓ 2 /2π comes from the degeneracy of the Landau levels. The sum over the Landau levels is given by ∞ n=0 e −iseB(2n+1) = csch(iseB)/2 and the sum in n 1 and in n 2 can be transformed using the Poisson formula. [7] :
The partition function can then be written as:
where an adequate rotation on complex plane of integration was performed.
Let's now write down the total lagrangian of the system, knowing that L = log Z/aℓ 2 β.
When we take a close look at this equation we see that the first term gives an infinite contribution: m 4 Γ(−2)/16π 2 that can be simply subtracted since it has no physical meaning. The second term of the expansion, proportional to B 2 , is also divergent but relevant because it depends on the external field B. Its contribution is given by −(e 2 Γ(0)/48π 2 )(B 2 /2) that, summed to the Maxwell's lagrangian, becomes the renormalisation constant, Z 3 , [8] , of the Lagrangian. The complete lagrangian is now renormalized and both the field and charge will now be given by
B and e R = Z 1/2 3 e. Considering a linear magnetization, only terms in B 2 , the effective lagrangian will be given by:
and the magnetic permeability reads:
These integrals can be identified as Bessel functions:
In equation (8), the first term gives the magnetic permeability of the free vacuum at T = 0. The first sum gives the influence of confinement alone, the second one is the thermal contribution in the case of no confinement and finally, the third sum is a mixed term that gives both confinement and finite temperature contributions. For a → ∞ the third term vanishes and if β → ∞, this expression takes the form encountered in [6] and arbitrary values of θ, am and βm result in diamagnetic or paramagnetic medium.
For low temperatures, βm≫1, and the permeability will be given by:
To obtain the expression for 1/µ at high temperatures we have to come back to (2) and apply (3) only for n 1 . Analogous calculations give for total lagrangian:
The contribution for 1/µ from the integrals of the first and the third terms between brackets, considering the linear approximation for magnetization are: e 2 /24πβm + e 2 /24π 2
1/ (mβ/2π) 2 + n 2 2 . This sum diverges and must be regularized, what can be done by the Abel-Plana formula [9] . After doing that, we find
, present in (8) . We can reach this by choosing an easier way. It is enough to use the (3) again on the second sum in (10) and later express it in its asymptotic form for βm ≪ 1. The equation for 1/µ is obtained from the effective lagrangian using a procedure similar to what has been already done, and is given by,
It is easy to verify the equivalence between (8) and (11) when a → ∞ according to [10] . To obtain the asymptotic expression for high temperatures, one can start summing over n 1 in (11):
K 0 (βmn 2 ) can be rewritten by [11] :
where γ = 1, 781072... is the Euler constant, defined by log γ = C = lim
1/m − log s) = 0, 577215....
Making x = βm ≪ 1 em (13), we have:
Calculating now the Casimir free energy of the system, given by F = − log Z/β, we have
Discarding terms which are proportional to aℓ 2 as spurious, since they represent a homogeneous vacuum energy density and considering
the free energy becomes:
The integrals of the above equation are representations of the Bessel function.
For a strong magnetic field, eB ≫ m 2 , it is enough to consider n = 1 in (16) 
Solving the above integral,
The sum above can be rewritten using the ϕ 4 Bernoulli's polynomial [13] , ; 0 < θ < 2π.
Finally, the free energy is expressed as,
